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ABSTRACT: In this paper, a standard bi-quadratic
congruence of a special even composite modulus
modulo nth power of an odd prime multiplied by
four is formulated for the solutions in different
cases. A new formula is established in every
case.The established formulae are tested,verified
and found true. Solved examples are illustrated
using established formulae. The formulae
workedwell. Time of calculation for readers is
lessened. Formulation is the merit of the paper.
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Binomial expansion formula, Chinese Remainder
Theorem.

I. INTRODUCTION
A congruence of the type:
xt =
b (mod m); m a composite positive integer,is
called a standard bi-quadratic congruence of
composite modulus.

The congruence is said to be solvable if b
is a bi-quadratic residue of m [1], [2]. If b is so,
then there must exist a positive integer a such
thatb = a*(mod m). Then the congruence reduces
to the form: x* = a*(mod m).

The author already has formulated some classes of
standard bi-quadratic congruence of composite
modulus.

Il. PROBLEM-STATEMENT
The problem of study is-
“To establish formulae for the solutions of the
standard bi-quadratic congruence:
(Dx* = a*(mod 4.p");a # p,n > 2.
(2)x* = p*(mod 4.p™);n = 2,n = 3,&n > 4,
p being a positive prime integer; n any positive
integer.

I1l. LITERATURE REVIEW
The author referred many books on
Number theory and found a very little discussion

on the said congruence; but no formulation is
found. The readers may use the famous Chinese
Remainder Theorem. But it has its own demerits.
The original congruence is to reduce to the
individual congruence and they have to solve.
Some individual congruence could not be solved
easily. No formulation or any suitable method is
mentioned in the literature.

The author already has formulated many standard
bi-quadratic congruence of composite modulus [4],

(5], [6]. [7].

NEED OF RESEARCH

The literature of mathematics says
approximately nothing about the said standard bi-
quadratic congruence. Some discussion on general
bi-quadratic congruence is found. The bi-quadratic
congruence under consideration can be solved by a
time-consuming and complicated method, known
as Chinese Remainder Theorem (CRT) [3].
Readers do not want to use the CRT for solutions.
The author tried his best with sincere effort to
formulate some more congruence and presented the
result in this paper. This is the need of the research.

IV. ANALYSIS & RESULTS
Case-l1: When a # p,n > 2.
Consider the
xt =
a*(mod 4p"); p being a positive prime integer.
If x=2p"k+ta, then by binomial expansion
formula

congruence:

x* = (2p"k + a)*
4.3
= (2p"k)* + 4.(2p"k)3.a + E(Zp“k)z.a2

4.3.2 '

Nl 43 4 a4

+1.2.3(2p k)'.a> +a
=4p"(.....) +a*
= a* (mod 4p").
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Therefore x = 2p"k + a satisfies the congruence
x* = a*(mod 4p™) and hence it is a solution of the
said congruence.
But for k=2,x=2p".2ta=4p"t+ta=0+
a (mod 4p™).
This is the same solutions as for k = 0.
Also, for k=3 =241, it is easily seen that the
solutions are the same as for k=1.
Hence it can be concluded that the congruence has
exactly four incongruent solutions
x = 2p"k + a (mod 4p™)with k = 0, 1.

Sometimes the congruence are given in the form:
x* = b (mod 4p")

In such cases, it can be written as:x* = b +
k. 4p"™ = a*(mod 4p").
Case-1I: Whena = p,n = 2.
Then the congruence reduces to: x*
p*(mod 4p*);

p being a positive prime integer.

If x=2pk+p, then by binomial expansion
formula

x* = (2pk + p)*
4.3
= (2pk)* + 4. (2pk)3.p + —(2pk)2

+4 2pk)t.p? +
123(p)p p*

= 4p (o) +p*
= p* (mod 4p?).
Therefore, x = 2pk + p satisfies the congruence
* = p*(mod 4p?) and hence it is a solution of the
said congruence.
But for k=2p,x=2p.2p+p=4p*+p=0+
p (mod 4p?).
This is the same solutions as for k = 0.
Also, for k=2p+1, it is easily seen that the
solutions are the same as for k=1.
Hence it can be concluded that the congruence has
exactly 2p incongruent solutions
x = 2pk + p (mod 4p*»)with k
=0,1,2, 0. ,(2p —1).
Sometimes the congruence are given in the form:
4 = b (mod 4p?)
In such cases, it can be written as:x* = b +
k.4p? = a*(mod 4p?).
Case-111: Whena = p,n = 3.
Then the congruence reduces to: x*
p*(mod 4p3);
p being a positive prime integer.
If x=2p%k+p, then by binomial expansion
formula

* = (2p*k +p)*
4.3
= (2p*k)* +4.2p*k)3.p + —(2102k)2

123(2172k)1 p®+p*

=4p"(.....) + p*
= p* (mod 4p3).
Therefore, x = 2p2k + p satisfies the congruence
* = p*(mod 4p*) and hence it is a solution of the
said congruence.
But for k=2p%x=2p22p°+p=4p*+p=
0 + p (mod 4p3).
This is the same solutions as for k = 0.
Also, for k = 2p?+1, it is easily seen that the
solutions are the same as for k=1.
Hence it can be concluded that the congruence has
exactly 2p? incongruent solutions
x = 2p*k + p (mod 4p*)with k
=0,1,2, e e ,(2p% = 1).
Sometimes the congruence are given in the form:
* = b (mod 4p®)

In such cases, it can be written as:x* = b +
k.4p3 = a*(mod 4p?).
Case-IV: Whena = p,n = 4.
Consider the
xt =
a*(mod 4p™); p being a positive prime integer.
If x=2p" 3k +p, then by binomial expansion
formula

congruence:

x* = 2p" 3k + p)*
= 2p" k)t + 4. (2p" 33 p

4.3
+ 5@ 0hp

+4—(2p" kl.p® +p*
123

4p (o) +p*

p* (mod 4p™).
Therefore, Zp” 3k+p  satisfies  the
congruence x* = p*(mod 4p™) and hence it is a
solution of the said congruence.
But for k=2p3x=2p"3.2p3+p=4p"+
p = 0+ p (mod 4p™).
This is the same solutions as for k = 0.
Also, for k =2p3+1, it is easily seen that the
solutions are the same as for k=1.
Hence it can be concluded that the congruence has
exactly 2p? incongruent solutions

x = 2p" 3k + p (mod 4p™)with k

=0,1,2, ... ,(2p3 = 1).
Sometimes the congruence are given in the form:
x* = b (mod 4p™)
In such cases, it can be written as:x* = b +

k.4p™ = a*(mod 4p™).

V. ILLUSTRATIONS
Example-1:Consider the congruence x* =
81(mod 196).

It can be written as x* =
3* (mod 4.7%)

3*(mod 4.49) i.e. x* =
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It is of the type x* = a*(mod 4.p™) witha = 3,
p=7,n=2 a#*p.
It has exactly four incongruent solutions given by
x =2p"k + a (mod 4.p™) with k =0, 1.
=2.7%k + 3 (mod 4.7%)
= 98k + 3 (mod 4.7%)
=0+ 3; 98+ 3 (mod 196)
= 3,193,95,101 (mod 196)
= 3,95,101,193, (mod 196).
These are the required four solutions.
Example-2:Consider  the  congruence x
16(mod 196).
It can be written as x* = 2*(mod 4.49) i.e. x*
2* (mod 4.7%)
It is of the type x* =
p=7,n=2,a#+p.
It has exactly four incongruent solutions given by
x =2p"k + a (mod 4.p™) with k = 0,1.
=2.72k + 2 (mod 4.7%)
=98k + 2 (mod 4.7%)
=0+£2;, 98+ 2 (mod 196)
= 2,194,96,100 (mod 196)
= 2,96,100,194, (mod 196).
These are the required four solutions.
Example-3: Consider the congruence x* =
25 (mod 100)
It can be written asx* =
5% (mod 4.5%)
It is of the type x* = a*(mod 4.p?) with a =5,
p=5n=2a=np.
It has exactly 2p incongruent solutions given by
x = 2p" 'k + p (mod 4.p™); k

4

a*(mod 4.p™) witha = 2,

25+ 6.100 = 625 =

=0,1uunu.,(Zp—1
= 2.5k + 5 (mod 4); k
=0,1 oo e (2.5 = 1)
= 10k + 5 (mod 100); k
=0,1,2,3,4.. e, 9
=0+4+5;10+5; 20+5 30+5 40 + 5;50
+5 i ,90

+ 5 (mod 100)

= 5,15,25,35,45; ... ... e ce vee one ...,95 (mod 100).
These are the ten incongruent solutions of the
congruence.
Example-3: Consider the congruence x* =
125 (mod 500)
It can be written asx* = 125+ 500 = 625 =
5% (mod 4.5%)
It is of the type x* =
p=5n=3,a=p.
It has exactly2p? incongruent solutions given by

x = 2pk + p (mod 4.p™); k

a*(mod 4.p™) with a =5,

=0,1 ..., (2p? = 1)
= 2.5k + 5 (mod 4); k
= 0,1 cceees e eee e (2.52
-1)

= 10k + 5 (mod 500); k

=0,1,2,3,4.. e, 49,
=0+5;10+5; 20+5 30+5 40 + 5;50
+5 490

+ 5 (mod 500)

= 5,15,25,35,45; ... ... ce cev eee eee ..., 495 (mod 500).
These are the fiftysolutions of the congruence.
Example-4: Consider the congruence x*=
625 (mod 2500)
It can be written asx* = 625 = 5% (mod 4.5%)
It is of the type x* = p*(mod 4.p™) with a =5,
p=5n=4,a=np.
It has exactly 2p® incongruent solutions given by

x = 2p" 3k + p (mod 4.p™); k

=01, (2p2 1)
= 2.5k + 5 (mod 4); k
= 0,1 e e eee e e (2,53
-1)
= 10k + 5 (mod 2500); k
=0,1,2,3,4 e ceo cev eee e e eerer, 249,
=0+5;10+5;20+5;30+5;40+ 5;50
+5; e 2 ..2490

+ 5 (mod 2500)
= 5,15,25,35,45; ... .. ee cer vee ee ..,2495 (mod 500).
These are the two hundred and fifty solutions of the
congruence.
Example-5:Consider the congruence x* =
81 (mod 2916)
It can be written asx* = 3* (mod 4.3°)
It is of the type x* = p*(mod 4.p™) with a =
p=5n=6a=p.
It has exactly 2p3 incongruent solutions given by
x = 2p" 3k + p (mod 4.p™); k
=0,1 ., (2p® = 1)
= 2.3%3k + 3 (mod 4.3°
=2.27k + 3 (mod 4.729); k

= 0,1 e oo e (2,33
= 54k + 3 (mod 2916); k
=0,1,2,3,% s crs e e e n, 53
=0+3;54+3;108 + 3; 162 + 3; 216
3o e ,2862

+ 3 (mod 2916)
= 5,15,25,35,45; ... ces ve cvr e v ., 2865 (mod 2916).
These are the fifty — four incongruent solutions of
the congruence.

V1. CONCLUSION
Thus, it is concluded that the standard bi-quadratic
congruence: x* = a* (mod 4.p")
has exactly four incongruent solutions: x=
2p"k + a (mod 4.p") withk =0,1

and p an odd prime, when a # p.

But the congruence x* = p* (mod 4.p?) has 2p
incongruent solutions:
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x = 2pk + p (mod 4p?);k = 0,1 ..........,(2p —
1), whenn = 2.

And the congruence x* = p* (mod 4p?) has 2p?
incongruent solutions:

x = 2pk+p (mod 4.p3); k= 0,1 .........., (2p? —
1), whenn = 3.

And the congruence x* = p* (mod 4.p™) has 2p?
incongruent solutions:

x = 2p" 3k + p (mod 4.p"); k =
0,1.......,(2p3 —1),whenn > 4.

MERIT OF THE PAPER

The standard bi-quadratic congruence is not found
formulated in the literature of mathematics. The
author established direct formulae for the solutions
of the said congruence. Formulation makes the
problems simple and time-saving. This is the merit
of the paper.
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